Electromagnetic aspects of a QCD matter have been a hot topic in recent years. High-energy heavy-ion experiments revealed that flow harmonics of direct photons are not explained by most hydrodynamic models. In this work I discuss possible effects of refraction by the hot medium since it can work as a lens which converts its geometrical anisotropy into momentum anisotropy of photons. Then elliptic flow and higher-order harmonics of prompt photons are estimated numerically. The results indicate that they could be small but have phenomenologically non-trivial consequences.
I. INTRODUCTION
Heavy-ion collisions at high energies are profuse in the phenomenology of quantum chromodynamics (QCD). Several experimental evidences indicate that hadrons are deconfined to the quark-gluon plasma (QGP) in the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC) [1, 2] . Azimuthal momentum anisotropy of particle yields has been quite informative on the collective properties of the subatomic QCD medium created in those collisions. It is quantitatively characterized by the harmonics of Fourier expansion of azimuthal particle spectra [3, 4] . Hadronic flow harmonics v h n , especially the elliptic flow v h 2 , is used to quantify that the system is strongly-coupled and fluid-like [5] because it is experimentally found to be large compared with the corresponding azimuthal geometrical anisotropy of the overlapping region of the colliding nuclei. Consequently, the medium is considered to be opaque in terms of the strong interaction, which is also supported by the observations of jet quenching and heavy quark diffusion.
On the other hand, direct photon flow harmonics v γ n is sensitive to the nature of the QCD matter during its time evolution as well as to the initial time of the hydrodynamic stage because the medium is believed to be electromagnetically transparent. Here direct photons consist of prompt photons, which are created in the hard processes at the time of collision, and thermal photons, which originate from the inelastic processes in the medium. v γ n had been speculated to be much smaller than v h n in hydrodynamic models due to the contributions from earlier stages with smaller or, in the case of prompt photons, vanishing flow anisotropy.
Recent experiments at RHIC and LHC, however, have revealed that the quantity is much larger than the previous expectations [6, 7] . The source(s) of the enhancement of direct photon flow harmonics is(are) not well known theoretically. There are continuing debates on the mechanics behind the excess of direct photon v γ 2 [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The recent discovery of large direct photon triangular flow v γ 3 * amonnai@riken.jp at RHIC suggests that the large momentum anisotropy is at least partially due to the properties of the hot medium itself. Uncovering the mechanism behind this "photon v n puzzle" would be a quite important step towards the full understating of the phenomenology of heavy-ion collisions.
Following the precision analyses of chromodynamic aspects of the hot medium, the importance of electromagnetic aspects have been recognized in recent years. The direct photon, as mentioned earlier, is an electromagnetic probe which retains information of the medium during its space-time evolution. The phenomenological consequences of the ultra-strong magnetic field created by the spectators are also studied extensively. On the other hand, intrinsic electromagnetic properties of the QCD medium without the presence of the strong magnetic field is not fully understood, such as in-medium corrections to the electric permittivity and the magnetic permeability, possibly because they are often assumed small at the QCD energy scale.
In this paper, the effects of refraction on photons due to the QCD medium is investigated. The medium is indicated to be electromagnetically transparent in experiments, but can have a non-unity refractive index [28] . This would bend the photons traveling through it according to its spacial geometry. The hot medium would then work as an "optical lens" and the converging/dispersing effect is expected to affect the flow harmonics v γ n nontrivially. The effect is expected to be larger for the photons created earlier, e.g., prompt photons. The total number of direct photons is not modified unless the index becomes imaginary in this approach. Numerical estimations are performed for prompt photon flow harmonics v γ,prompt n (p T ), which are vanishing in most conventional formalisms, for demonstration.
In Sec. II, optics for the hot QCD medium in heavyion collisions is presented. In-medium refraction is introduced for photons. Numerical estimations of the flow harmonics of prompt photons due to the optical effects are presented in Sec. III. Sec. IV is devoted for discussion and conclusions. The natural unit c = = k B = 1 and the Minkowski metric g µν = diag(+, −, −, −) are used in the paper. 
II. OPTICS IN HEAVY-ION COLLISIONS
A hot and dense medium is considered to be created in high-energy nucleus-nucleus collisions. I investigate the effects of medium refraction on the flow observables since it would directly correlate the spatial anisotropy of the medium and the momentum anisotropy of photons ( Fig. 1) . Direct photons have to go through the medium and the refraction would be fully affected by the dynamical evolution of the medium because the typical radius of a heavy-ion nucleus (R Au ∼ 6.4 fm and R Pb ∼ 6.7 fm) is roughly the same as the typical lifetime of the hot medium (τ ∼ 10 fm/c) while the thermalization time is as short as τ th ∼ 10 −1 -1 fm/c. Refraction in the medium with an inhomogeneous refractive index has been extensively studied in gradientindex optics. The path of a ray is given as
in Fermat's principle where n is the refractive index and X = (x, y, z) is the position on a ray. Here the refraction is considered at mid-spacetime rapidity, i.e., z = 0. The refractive index of a hot and dense QCD medium as a function of the temperature T and the frequency ω is still not precisely known, though there are several prominent studies [28] [29] [30] . Motivated by hard thermal loop calculations [29] of the electrical permittivity ε and the magnetic permeability µ for the QGP and the definition n 2 = εµ, here it is parametrized as:
where ω p is the characteristic or plasma frequency of the medium. The expression implies that the photons with higher momentum tend to be affected less by refraction, leading to a heavy-ion version of chromatic dispersion, i.e., the medium works as a prism. One can see that the medium is transparent only for ω > ω p and otherwise it is absorptive. The above expression is also valid for nonrelativistic plasma. It should be noted, however, that this is a model and if a phenomenon such as pseudo-critical enhancement/reduction exists near the QCD crossover, the index would further deviate from that in vacuum. In general, it is hard to estimate ω p (T ). In the high T limit of the QGP phase [29] , one has roughly ω GeV and the above expression would indicate that the medium is transparent for the frequency region of relevance in heavy-ion physics ω ∼ 1 GeV, which is consistent with the experimental implications. The medium absorbs photons below the momentum, which might lead to finite correction to the very-low momentum spectra. The latest RHIC experimental data of the photon p T spectra [31, 32] pose a constraint ω p < 0.5 GeV on the model because no clear effect of absorption is found for the momentum above 0.5 GeV.
It should be noted that the photon frequency is modified in the flow u µ = γ(1, β x , β y , 0) in the medium by the relativistic Doppler effect as
at mid-rapidity where ω 0 is the photon frequency without the effect, β = (β
is the transverse flow velocity and ∆φ is the relative angle between the ray and the flow. This should modify the refractive index because Eq. (2) is defined in the local rest frame.
It is also note-worthy that the phase velocity of the light is superluminal for the current model index, i.e., v ph = 1/n > 1 in the medium. This behavior is also found in Ref. [28] . The superluminality, of course, does not contradict causality because the group velocity
The refractive index is related to the former while the propagation of information is associated with the latter.
As mentioned earlier, the refractive index becomes imaginary and the direct photons can no longer propagate in the medium without attenuation below ω < ω p . The exponential damping is characterized by the skin depth δ = 1/(ω 2 p − ω 2 ) 1/2 . One has to be careful because δ max = 1/ω p can be comparable to the typical size of the medium in heavy-ion collisions, i.e., photons might be able to penetrate through the medium even if the attenuation occurs.
III. NUMERICAL ANALYSES
The procedure for numerical estimation is briefly summarized as follows. Prompt photons are produced according to the transverse coordinate dependence of the number of collisions right after the collision. Refraction for the in-medium photons becomes effective at the hydrodynamic initial time τ th . The dynamical and inhomogeneous refractive index is calculated at each space-time point using a hydrodynamic model. The effect continues until the medium hits the hadronic freeze-out temperature, below which no refraction is assumed. Elliptic flow and higher-order flow harmonics of the prompt photons are then estimated. The effect of medium refraction on thermal photons will be discussed elsewhere.
The prompt photons are estimated with the scaled results of p-p collisions. Here the parametrization [33] [34] . The validity of the above parametrization in a low momentum region should be considered carefully but would not affect the flow harmonics as the refractive index is not assumed to be a function of the intensity of light.
The space-time profile of the bulk medium or "QGP lens" is given by the (2+1)-dimensional inviscid hydrodynamic model [25] with boost-invariance for the AuAu collisions at √ s N N = 200 GeV. The equation of state is employed from the (2+1)-flavor lattice QCD calculation [35] . The net baryon number density is assumed to be vanishing. The initial conditions are calculated with a newly-developed numerical code for MonteCarlo Glauber model [36] . The energy distribution is constructed from the density distribution of the participant nucleons by setting the maximum energy density in the most central collision to 30 GeV/fm 3 . The eventaveraged smooth initial conditions are considered in the current analyses for numerical simplicity. It should be emphasized that they are employed for the purpose of demonstration. The medium effect after the initial time τ th = 0.4 fm/c and above the freeze-out temperature T f > 0.15 GeV is taken into account.
It should be noted that naïve installation of the refraction mechanism to a numerical hydrodynamic model is difficult, because the periodic lattice devision of a medium creates an artificial "free path" for the photons traveling perpendicular to the lattice boundary. This increases the number of photons in specific directions, unphysically overestimating the flow harmonics with the same symmetry as the lattice regardless of its spacing. In this analysis, the temperature gradient field is smoothed with the bilinear interpolation method at each time-slice to avoid this behavior. This effectively makes the temperature field differentiable. The method is employed for calculating medium refraction, and space-time evolution, or energy-momentum conservation, is not affected.
Following the aforementioned hard thermal loop calculations, ω p is treated as a parameter by introducing an auxiliary dimensionless factor a defined in ω 2 p = a 2 T 2 . Since the initial medium temperature for RHIC is estimated as T ∼ 0.3-0.6 GeV [31] and no obvious sign of absorption is found down to p T ∼ 0.5 GeV as mentioned earlier, a < O(1) is implied. 
A. Elliptic flow of prompt photons
The azimuthal momentum anisotropy in the particle yield is quantified as a Fourier harmonics of a transverse momentum spectrum as
in a differential form. Here p T is the transverse momentum, y is the rapidity, φ p is the angle in momentum space and Ψ n is the reaction plane angle.
The elliptic flow of prompt photons at mid-rapidity is shown in Fig. 2 for the parameters a = 0 (no refraction), 0.5, 1 and 2 for b = 6 fm. It can be found that the lowmomentum photon elliptic flow above ω p is created by the refraction of the medium, though the quantity is not large compared to that of experimentally observed direct photons. The effect is naturally more apparent for larger a. It should be noted, however, that prompt photon v 2 does not have to be as large as direct photon v 2 because there should be large contribution from thermal photons with both intrinsic and refractive anisotropy, and prompt photons might be playing only a supporting role.
The ultra-low momentum region below p T ∼ ω p has negative v 2 because the photons emitted inward are absorbed by a high-temperature core with n(T, ω) 2 < 0. The dark "core" is longer in the vertical direction so the effect of absorption becomes larger for the photons traveling horizontally. Once the emission source is within the core near p T ∼ 0, on the other hand, v 2 again becomes positive possibly because the photons emitted in the minor axis have more chance of penetrating through the medium than those in the major axis. Here the photon elliptic flow becomes negative because it is calculated using the hadronic reaction plane. In general it is not clear a priori whether the two reaction planes match. The transparency of the medium defined as
is plotted for the prompt photons in Fig. 3 to illustrate the region of applicability of the current approach. The absorption becomes effective near vanishing momentum region and it is stronger for larger a. As mentioned earlier, the experimental data imply transparency above p T ∼ 0.5 GeV, which prefers a < 1-2. The eccentricity dependence of the prompt photon v 2 due to medium refraction is shown in Fig. 4 for the impact parameters b = 0, 2, 6 and 10 fm. The refraction parameter is set to a = 1. Corresponding initial geometrical anisotropies are ε 2 = 0, 0.074, 0.202 and 0.395, respectively. Here the quantity is defined according to Ref. [37] as
for n > 2 where the bracket denotes spatial average. r is the position of a participant nucleon and Φ n is the minor orientation angle of the spatial geometry given by
which is set to vanishing as the nucleons are rotated so that Φ n = 0 before taking average over events. The numerical results imply that the optical v 2 becomes larger for more eccentric collisions, and the magnitude is roughly proportional to ε 2 . 
B. Higher-order flow harmonics of prompt photons
The positions of nucleons in the colliding nuclei are fluctuating. As a consequence there can be higher and/or odd-order flow harmonics in the spectra for each event.
For the pure purpose of demonstration and numerical efficiency, here I construct smoothed initial conditions with higher-order symmetries by taking event average with respect to Φ n in analogy to the elliptic flow case. The impact parameter is b = 6 fm. The spatial anisotropies are ε 3 = 0.146, ε 4 = 0.166 and ε 5 = 0.185 in the aforementioned definition (7) . Note that the results do not necessarily agree with event-by-event ones quantitatively.
The triangular flow (v 3 ), the quadrangular flow (v 4 ) and the pentagonal flow (v 5 ) of prompt photons as a function of the transverse momentum for a = 1 are shown in Fig. 5 . v 3 due to the optical effects is positive above p T ∼ ω p but again small compared to that of direct photons. v 4 and v 5 are also found positive in those momentum regions. The magnitude of anisotropic flow is found smaller for larger n. This behavior can also be found in hadronic flow harmonics. The region near the vanishing momentum, on the other hand, is non-trivial for the higher-order flow harmonics.
IV. DISCUSSION AND CONCLUSIONS
Effects of QCD medium refraction on the flow harmonics of direct photons in high-energy heavy-ion collisions are investigated. The mechanism does not modify the total yield of direct photon particle spectra unless the medium becomes absorptive, leaving the hadronic observables unaffected for most of the momentum region. The numerical estimations with the model refractive index (2) imply that the effect of medium refraction for prompt photons can be non-trivial but might not be large enough to explain the direct photon v 2 and v 3 . On the other hand, given that most of the photon v 2 enhancement mechanisms so far work only on thermal photons and that prompt photons are considered to have vanishing anisotropy, the prospect of positive prompt photon anisotropy would be important. Also prompt photon v n does not have to be as large as direct photon v n because of the large contributions from thermal photons.
It would be interesting to investigate the ultra-low momentum photon spectra in collider experiments to see whether and/or where ω p exists, below which frequency the medium becomes opaque. Heavy-ion collisions at higher energies [38] would be able to provide more constraints as ω p is implied to be an increasing function of the temperature. This information could be used to constrain the magnitude of refraction effects on direct photon spectra and flow harmonics. Also the photon energy would be disposed in a medium with an opaque or dim region, possibly affecting the bulk medium depending on the characteristic frequency. It should be stressed that if the actual ω p is too small for the current heavy-ion energies or the QCD refractive index deviates significantly from the present form, the effects would not be observed or appear differently. The refractive index could exhibit, for example, a pseudo-critical behavior as seen in bulk viscosity [39, 40] and possibly even in photon emission rate [27] , which is an interesting prospect.
Further future prospects include application of the method to thermal photons with a more efficient numerical scheme. Also the moving medium would change the phase velocity of light by the drag effect. This is worth-investigating because the relativity is conventionally formulated for tardyons and luxons, and it is not clear if superluminal phase velocity can be naïvely added to subluminal flow velocity for estimating refraction. The effects of refraction by pre-and post-equilibrium media would also be a non-trivial and intriguing issue.
